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On the images of Galois representations attached
to low weight Siegel modular forms
Ariel Weiss
Let π be a cuspidal automorphic representation of GSp4(AQ), whose archimedean
component lies in the holomorphic limit of discrete series. If π is not CAP, endoscopic or
automorphically induced, we show that its associated ℓ-adic Galois representation ρπ,ℓ
is crystalline for 100% of primes ℓ, and that its image is “big” for all but finitely many
of the primes at which it is crystalline. In particular, we prove that ρπ,ℓ is irreducible
for 100% of primes.
Under the Langlands correspondence, where automorphic representations of GLn should correspond
to n-dimensional Galois representations, cuspidal automorphic representations should correspond
to irreducible Galois representations. More generally, one expects that the image of an automorphic
Galois representation should be as large as possible, unless there is an automorphic reason for it to
be small.
In this paper, we will address the consequence of this heuristic for low weight, genus 2 Siegel
modular forms. These automorphic forms are the genus 2 analogue of weight 1 modular forms,
and are of particular interest due to their conjectural relationship with abelian surfaces. Our main
result is the following theorem:
Theorem A. Let π be a cuspidal automorphic representation of GSp4(AQ), whose archimedean
component lies in the holomorphic limit of discrete series. Suppose that π is not CAP or endoscopic.
For each prime number ℓ, let
ρπ,ℓ : Gal(Q/Q)→ GSp4(Qℓ)
be the ℓ-adic Galois representation associated to π. Then:
1. If ρπ,ℓ is crystalline and ℓ > 2k − 1, then ρπ,ℓ is irreducible.
2. ρπ,ℓ is crystalline for a set of primes of Dirichlet density 1.
In particular, ρπ,ℓ is irreducible for 100% of primes.
The corresponding result for elliptic modular forms was proven by Ribet [Rib77] using class field
theory and the Ramanujan bounds for the Hecke eigenvalues of modular forms. For high weight
Siegel modular forms, irreducibility for all but finitely many primes follows from the work of Ra-
makrishnan [Ram13]. Here, potential modularity is used in place of class field theory, and results
from p-adic Hodge theory—in particular, the fact that the Galois representations are Hodge–Tate
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regular—are used in place of the Ramanujan bounds. All other recent results proving the irre-
ducibility of automorphic Galois representations rely crucially on the hypothesis of regularity (see,
for example, [BLGGT14, Xia18]).
The novelty of this paper is to prove an irreducibility theorem in a situation where these key inputs
are not available: in the case of low weight Siegel modular forms, the Hodge–Tate–Sen weights of
ρπ,ℓ are irregular, purity is an open problem, and crystallinity is not known a priori. Indeed, a
priori, we do not even know that ρπ,ℓ is Hodge–Tate. In place of these inputs, we exploit the fact
that ρπ,ℓ is symplectic with odd similitude character in combination with partial results towards
the generalised Ramanujan conjecture [Wal13] and a criterion of Jorza [Jor12], which provides a
sufficient condition for ρπ,ℓ to be crystalline.
We also analyse the images of the mod ℓ Galois representations attached to π, and prove the
following big image theorem:
Theorem B. Let π be a cuspidal automorphic representation of GSp4(AQ), whose archimedean
component lies in the holomorphic (limit of) discrete series. Suppose that π is not CAP or endo-
scopic. For each prime ℓ, let
ρπ,ℓ : Gal(Q/Q)→ GSp4(Fℓ)
be the mod ℓ Galois representation associated to π, and let L be the set of primes (of density 1) at
which ρπ,ℓ is crystalline. Then:
1. For all but finitely many primes ℓ ∈ L, ρπ,ℓ is irreducible.
2. If π is not an automorphic induction or a symmetric cube lift, then for all but finitely many
primes ℓ ∈ L, the image of ρπ,ℓ contains Sp4(Fℓ).
This theorem generalises the work of Ribet and Momose [Rib85, Mom81] for elliptic modular
forms. For high weight Siegel modular forms, residual irreducibility for 100% of primes follows
from irreducibility in characteristic 0 by applying [BLGGT14, Proposition 5.3.2]. If π is a totally
generic regular algebraic cuspidal automorphic representation of GSp4(AQ) that is not CAP or
endoscopic and is neither an automorphic induction nor a symmetric cube lift, Dieulefait–Zenteno
[DZ] prove that the image of ρπ,ℓ contains Sp4(Fℓ) for 100% of primes. This result does not
apply directly to Siegel modular forms, whose automorphic representations are not totally generic.
However, applying Arthur’s classification (see Section 0.2) gives a result for high weight Siegel
modular forms. In the high weight case, the results of this paper strengthen previous results: we
prove that the image is large for all but finitely many primes.
0.1 The structure of this paper
In Section 1, we survey existing results on the construction of Galois representations associated to
Siegel modular forms. In addition, we prove that for low weight forms, the Galois representations
are symplectic.
In Section 2, we prove the first part of Theorem A. Our proof of this part follows a similar structure
to the proof of [Ram13, Theorem B]. In Theorem 2.2, we prove that if ρπ,ℓ is reducible, then it
decomposes as a direct sum of subrepresentations that are two-dimensional, regular and odd. If ρπ,ℓ
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is crystalline and ℓ > 2k − 1, then these representations are potentially modular, and a standard
argument using L-functions leads to a contradiction. In the cohomological setting, the fact that
the subrepresentations of ρπ,ℓ are regular comes for free, and the proof that they are odd uses the
regularity of ρπ,ℓ. Instead, we use partial results towards the generalised Ramanujan conjecture
[Wal13] in combination with the facts that ρπ,ℓ is essentially self-dual and that the similitude is
odd.
In Sections 3 and 4, we complete the proof of Theorem A. Our key tool is [Jor12, Theorem 3.1],
which states that ρπ,p is crystalline for a prime p if the p
th Hecke polynomial of π has distinct roots.
Hence, if we fix a prime ℓ, we can show that ρπ,p is crystalline at primes p 6= ℓ by considering the
characteristic polynomial of ρπ,ℓ(Frobp). If ρπ,p is not crystalline for a positive density of primes,
then the characteristic polynomial of ρπ,ℓ(Frobp) has repeated roots for those primes. This severe
restriction on the image of ρπ,ℓ implies that ρπ,ℓ cannot be irreducible. In Section 3, we prove that
ρπ,ℓ is crystalline for 100% of primes assuming that ρπ,ℓ is irreducible for at least one prime. In
Section 4, we remove this assumption by proving that ρπ,ℓ is crystalline for a positive density of
primes, and invoking the first part of Theorem A.
Finally, in Section 5, we prove Theorem B. As with Theorem A, we reduce to the case where for
infinitely many ℓ, ρπ,ℓ splits as a direct sum of subrepresentations that are two-dimensional, odd,
and have Serre weights bounded independently of ℓ. The fact that we can reduce to this case (in
particular that the subrepresentations are odd) is new even in the high weight case, and uses the
fact that the similitude character of ρπ,ℓ is odd in combination with the results of Section 3.
0.2 Dependence on Arthur’s classification
The results of this paper rely crucially on Arthur’s endoscopic classification for GSp4, which was
announced in [Art04]. In particular, we require the local-global compatibility results proven by
Mok [Mok14], which rely on the existence of a transfer map between automorphic representations
of GSp4 and of GL4.
A proof of Arthur’s endoscopic classification has been given by Gee–Ta¨ıbi [GT18]. However, this
work is itself dependent on [Art13] and on the twisted weighted fundamental lemma, which was
announced in [CL10], but whose proof is yet to appear.
0.3 Notation and conventions
For a ring R, let
GSp4(R) =
{
γ ∈ GL4(R) : γ
TJγ = νJ, ν ∈ R×
}
,
where J =


0 0 0 1
0 0 1 0
0 −1 0 0
−1 0 0 0

. For γ ∈ GSp4(R), the constant ν is called the similitude of γ, and
is denoted sim(γ). The subgroup of elements for which sim(γ) = 1 is denoted Sp4(R).
Throughout, π =
⊗′
v πv is a unitary cuspidal automorphic representation of GSp4(AQ), for which
π∞ lies in the holomorphic (limit of) discrete series. Let (k1, k2), k1 ≥ k2 ≥ 2 be the Blattner
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parameter of π, which we shall refer to as the weight of π. If π is the automorphic representation
associated to a classical genus 2 vector valued Siegel modular form F , then the Blattner parameter
matches the weight of F . We say that π has high weight if its archimedean component lies in the
holomorphic discrete series, or equivalently, if it has weight (k1, k2) with k1 ≥ k2 > 2. We say that
π has low weight if its archimedean component lies in the holomorphic limit of discrete series, in
which case k2 = 2. We often refer to high weight forms as cohomological and low weight forms as
non-cohomological.
We denote by Π the automorphic representation of GL4(AQ) which is the transfer of π (see Section
0.2).
We call π an automorphic induction if Π is automorphically induced from an automorphic repre-
sentation of GL2(AK) for a quadratic extension K/Q.
Remarks 0.1.
1. If π is cohomological, then K is necessarily a real quadratic field. However, when π is non-
cohomological, K can be imaginary quadratic.
2. Since the symmetric cube lift of a weight k modular form is a Siegel modular form of weight
(k + 1, 2k − 1), a low weight Siegel modular form cannot be a symmetric cube lift.
We will always assume that π is of general type in the sense of [Sch17]. In particular, we assume
that the transfer of π to GL4 is cuspidal. If π is not of general type, then the image of ρπ,ℓ is
completely understood: the Galois representations decompose as direct sums of characters and of
two-dimensional modular Galois representations.
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1 Galois representations associated to Siegel modular forms
In this section, we review the construction of Galois representations associated to Siegel modular
forms. In Sections 1.1 and 1.2, we discuss the construction of Galois representations in the cohomo-
logical and non-cohomological cases. In Section 1.3, we prove that in the non-cohomological case,
the Galois representations are symplectic.
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1.1 The case of cohomological weight
We review the construction of Galois representations attached to high weight Siegel modular
forms.
Theorem 1.1. Let π be a cuspidal automorphic representation of GSp4(AQ) of weight (k1, k2),
k1 ≥ k2 > 2. Let S denote the set of primes at which π is not spherical. Then for every prime
number ℓ, there exists a continuous, semisimple, symplectic Galois representation
ρπ,ℓ : Gal(Q/Q)→ GSp4(Qℓ)
that satisfies the following properties:
1. The representation is unramified at all primes p /∈ S ∪ {ℓ}.
2. If p /∈ S ∪ {ℓ}, ap is the eigenvalue of the Hecke operator Tp, and ǫ is the Galois character
associated to the central character of π, then
Tr(ρπ,ℓ(Frobp)) = ap, sim(ρπ,ℓ) = ǫχ
k1+k2−3
ℓ ,
where χℓ is the ℓ-adic cyclotomic character.
3. The similitude character sim(ρπ,ℓ) is odd and ρ
∨
π,ℓ ≃ ρπ,ℓ ⊗ sim(ρπ,ℓ), where ρ
∨
π,ℓ is the dual
representation.
4. The representation is de Rham for all primes ℓ, and crystalline if ℓ /∈ S.
5. The local-global compatibility condition is satisfied up to semisimplification. Fix any isomor-
phism ιℓ : Qℓ
∼= C. Then for any prime p 6= ℓ,
ιℓWD(ρπ,ℓ|Qp)
ss ∼= recp(πp ⊗ | sim |
−3/2
p )
ss,
where recp denotes the local Langlands reciprocity map [GT11].
6. The set of Hodge–Tate weights of ρπ,ℓ is {0, k2 − 2, k1 − 1, k1 + k2 − 3} .
Moreover, if π is not CAP (i.e. of Saito–Kurokawa type), then ρπ,ℓ satisfies the following stronger
properties:
7. The local-global compatibility condition is satisfied at all primes. Fix any isomorphism ιℓ :
Qℓ
∼= C. Then for any prime p 6= ℓ,
ιℓWD(ρπ,ℓ|Qp)
F−ss ∼= recp(πp ⊗ | sim |
−3/2
p ).
8. The representation ρπ,ℓ is pure. In particular, if p /∈ S ∪ {ℓ} and α ∈ C is a root of the
characteristic polynomial of ρπ,ℓ(Frobp), then |α| = p
k1+k2−3
2 .
Finally, if π is neither CAP nor endoscopic, and if ℓ /∈ S and ℓ > 2(k1 + k2 − 3) + 1, then ρπ,ℓ is
irreducible.
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Proof. When π is CAP or endoscopic, the construction of ρπ,ℓ follows from the construction of
Galois representations for elliptic modular forms. A discussion of these cases is given in [Mok14,
pp. 537–538]. In these cases, ρπ,ℓ is reducible.
When π is of general type, there are two different constructions of the compatible system of ℓ-adic
Galois representations attached to π:
• The original construction, due to Laumon [Lau05] and Weissauer [Wei05], builds on previous
work of Taylor [Tay93], and works directly with a symplectic Shimura variety. The Galois
representations are constructed from the e´tale cohomology of Siegel threefolds. The fact that
the Galois representations are valued in GSp4(Qℓ) was proven by Weissauer in [Wei08].
• The second construction, due to Sorensen [Sor10], utilises the transfer map from GSp4 to GL4
in combination with Harris–Taylor’s construction of Galois representations for automorphic
representations of GL4, which uses unitary Shimura varieties [HT01]. Sorensen’s construc-
tion initially applies to generic automorphic representations. Applying his results to Siegel
modular forms relies on Arthur’s classification (see Section 0.2): Siegel modular forms cor-
respond to non-generic automorphic representations, but Arthur’s classification ensures that
every L-packet contains a generic automorphic representation. Using this construction, Mok
[Mok14, Theorem 3.5] proves local-global compatibility at ramified primes.
Irreducibility when ℓ is sufficiently large is [Ram13, Theorem B]. With the exception of parts 5 and
7, this theorem is known without Arthur’s classification.
1.2 The case of non-cohomological weight
The situation for low weight automorphic representations is much less comprehensive. Since the
automorphic representations are non-cohomological, the associated Galois representations cannot
be constructed directly from the e´tale cohomology of symplectic or unitary Shimura varieties.
Instead, they are constructed as limits of cohomological Galois representations. The process of
taking a limit of Galois representations loses information, especially information about local-global
compatibility and in particular, geometricity at ℓ.
Theorem 1.2. Let π be a cuspidal automorphic representation of GSp4(AQ) of weight (k, 2).
Suppose that π is not CAP or endoscopic. Let S denote the set of primes at which π is not spherical.
Then for each prime ℓ, there exists a continuous, semisimple, symplectic Galois representation
ρπ,ℓ : Gal(Q/Q)→ GSp4(Qℓ)
that satisfies the following properties:
1. The representation is unramified at all primes p /∈ S ∪ {ℓ}.
2. If p /∈ S ∪ {ℓ}, ap is the eigenvalue of the Hecke operator Tp, and ǫ is the Galois character
associated to the central character of π, then
Tr(ρπ,ℓ(Frobp)) = ap, sim(ρπ,ℓ) = ǫχ
k−1
ℓ .
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3. The similitude character sim(ρπ,ℓ) is odd and ρ
∨
π,ℓ ≃ ρπ,ℓ ⊗ sim(ρπ,ℓ).
4. The local-global compatibility condition is satisfied up to semisimplification. Fix any isomor-
phism ιℓ : Qℓ
∼= C. Then for any prime p 6= ℓ,
ιℓWD(ρπ,ℓ|Qp)
ss ∼= recp(πp ⊗ | sim |
−3/2
p )
ss.
5. The Hodge–Tate–Sen weights of ρπ,ℓ are {0, 0, k − 1, k − 1} .
6. If ℓ /∈ S, and that the roots of the ℓth Hecke polynomial are pairwise distinct, then ρπ,ℓ is
crystalline.
Proof. As in the cohomological case, there are two different constructions of the compatible system
of ℓ-adic Galois representations attached to π. In both cases, ρπ,ℓ is constructed, via its pseudorep-
resentation, as a limit of cohomological Galois representations.
• The original construction, due to Taylor [Tay91] uses the Hasse invariant to find congruences
between the Hecke eigenvalue system of π and mod ℓn cohomological eigenforms πn. The
associated Galois pseudorepresentation is constructed as a limit of the Galois pseudorepre-
sentations attached to the πn. This construction is sufficient to prove the existence of the
compatible system of Galois representations and parts 1-3 of the theorem.
• A second construction, due to Mok [Mok14], extends the work of Sorensen [Sor10], and
constructs an eigencurve for GSp4. As in the cohomological case, the downside of this con-
struction is that it relies on unpublished work of Arthur (see Section 0.2). However, using
this construction, Mok [Mok14, Theorem 3.5] proves local-global compatibility at ramified
primes up to semisimplification. Part (6) is due to Jorza [Jor12, Theorem 3.1], and also uses
this construction.
Finally, the fact that the Galois representation is valued in GSp4(Qℓ) is the result of the next
section, and does not rely on Arthur’s classification.
Remark 1.3. While it should always be true that the roots of the ℓth Hecke polynomial of π are
pairwise distinct, it should be stressed that without this condition, we do not even know that ρπ,ℓ
is Hodge–Tate. However, in this paper, we will prove that either π is an automorphic induction, or
this condition holds for 100% of primes.
Corollary 1.4. Let π be a cuspidal automorphic representation of GSp4(AQ) of weight (k, 2),
which is not CAP or endoscopic. Then there exists an integer N , such that the Serre conductor of
ρπ,ℓ divides N for all ℓ.
Proof. Fix a prime ℓ, and let Nρ be the Serre conductor of ρπ,ℓ. Let S be the set of primes at which
π is not spherical, and let
Nπ =
∏
p∈S
cond(recp(πp ⊗ | sim |
−3/2
p )),
via the local Langlands correspondence [GT11]. Since S is finite, we can assume without loss of
generality that ℓ /∈ S. By definition,
Nρ =
∏
p∈S
cond(ιℓWD(ρπ,ℓ|Qp)
F−ss).
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A Weil-Deligne representation (V, ρ,N) of WQp has conductor
cond(ρ)pdim(V
I)−dim(V IN ),
where V I is the subspace of V fixed by the inertia group, and V IN = ker(N)
I . If (V, ρ,N), then
(V, ρ,N)ss = ρss. If, moreover, (V, ρ,N) is Frobenius semisimple then ρss = ρ, and it follows that
cond(V, ρ,N) | cond(ρ)pdim(ρ).
Hence, Nρ divides
∏
p∈S cond(ιℓWD(ρπ,ℓ|Qp)
ss)p4. By part (2) of Theorem 1.2,
cond(ιℓWD(ρπ,ℓ|Qp)
ss)p4 =
∏
p∈S
cond(recp(πp ⊗ | sim |
−3/2
p )
ss)p4,
which divides ∏
p∈S
cond(recp(πp ⊗ | sim |
−3/2
p ))p
4.
Since ∏
p∈S
cond(recp(πp ⊗ | sim |
−3/2
p ))p
4 = Nπ
∏
p∈S
p4,
we deduce that Nρ | Nπ
∏
p∈S p
4, and the result follows.
Finally, for completeness, we review the case where π is non-cohomological and is not of general
type. Following [Art04] and [Sch18] (especially §1, and the paragraph preceding Proposition 5.1),
π may be of the following types:
• Of type (Y), or of Yoshida type. Then π = (µ1 ⊠ 1) ⊞ (µ2 ⊠ 1), where µ1, µ2 are unitary
cuspidal automorphic representations of GL2(AQ).
• Of type (B), or of Howe–Piatetski-Shapiro type. In this case, the archimedean L-parameter
of π is ϕD(1) ⊕ ϕD(1), i.e. the direct sum of discrete series representations of GL2(R) [Sch18,
Table 1].
• Of type (P), or of Saito–Kurokawa type. In this case, the archimedean L-parameter of π is
ϕD(1) ⊕ σϕD(1), where σ is a quadratic character [Sch18, Table 2].
• Of type (Q), or of Soudry type. In this case, the archimedean L-parameter of π is (σ⊕σξ)⊗
ϕD(1), where σ, ξ are quadratic characters [Sch18, Table 3].
In either case, π is built from Hecke characters and from automorphic representations arising from
elliptic modular forms. Hence, we can construct a reducible ℓ-adic Galois representation to π by
combining these lower-dimensional Galois representations.
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1.3 Galois representations valued in GSp4
The goal of this section is to prove the following theorem:
Theorem 1.5. Let π be a cuspidal automorphic representation of GSp4(AQ) of weight (k, 2), with
associated ℓ-adic Galois representation ρπ,ℓ : Gal(Q/Q)→ GL4(Qℓ). Then ρπ,ℓ is isomorphic to a
representation which factors through GSp4(Qℓ).
Remark 1.6. This theorem is apparently known to experts, but a full proof does not appear in
the literature. The result is clear in the following three settings:
• If π is CAP or endoscopic.
Here, ρπ,ℓ is reducible, and the result is easy.
• If ρπ,ℓ is residually irreducible, and there exists a cohomological form π
′ with the same central
character as π for which ρπ,ℓ ≃ ρπ′,ℓ.
We know that ρπ′,ℓ is symplectic by [Wei08]. Theorem 1.5 then follows from [Ber15, Lemma
5.4].
• If π has finite slope and ρπ,ℓ is absolutely irreducible.
In this case, π can be placed in a Coleman family. In particular, the trace of ρπ,ℓ is a limit
of cohomological Galois pseudorepresentations in characteristic 0. Since ρπ,ℓ is irreducible,
it follows from [BCKL05] that ρπ,ℓ is a pointwise limit of symplectic Galois representations,
and hence is symplectic.
None of these cases hold in the setting of this paper: our goal is to prove that ρπ,ℓ is irreducible.
The proof that we will present holds unconditionally in all settings.
The idea of the proof is to reformulate Taylor’s original construction of ρπ,ℓ, using V. Lafforgue’s
G-pseudorepresentations [Laf18] in place of Taylor’s pseudorepresentations [Tay91]. We are grateful
to B. Stroh for providing an outline of the proof. The details of the proof are rather technical and
are tangential to the remainder of the paper, so can safely be skipped.
1.3.1 Taylor’s construction and the limitations of pseudorepresentations
In [Tay91], Taylor gives a blueprint for constructing Galois representations attached to low weight
Siegel modular forms by utilising congruences with Siegel modular forms of cohomological weight.
This subsection gives an overview of Taylor’s construction.
Recall that π is the cuspidal automorphic representation of GSp4(AQ) corresponding to a cuspidal
Siegel modular eigenform of weight (k, 2) and level Γ(N). Fix a prime ℓ, and let E be the finite
extension of Qℓ spanned by the Hecke eigenvalues of π. Let T denote the abstract Hecke algebra
generated by the Hecke operators Tp, and for each tuple ~k = (k1, k2) of weights, let T~k denote the
Hecke algebra acting on forms of weight ~k and level Γ(N).
Associated to π is a character θ : T → T(k,2) → OE . Moreover, for each integer i ≥ 1, the
automorphic analogue of multiplying a classical form by the Hasse invariant [Tay91, Proposition 3]
gives a commutative diagram
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T OE
T~ki
⊗Z OE OE/ℓ
i
θ
θi
ri
where ~ki =
(
k + aℓℓ
i−1(ℓ− 1), 2 + aℓℓ
i−1(ℓ− 1)
)
, with aℓ ∈ N a constant depending on ℓ. In the
classical language, this means that for each i, π is congruent to a mod ℓi eigenform of cohomological
weight.
For every i, T~ki is a finite product of local rings, each corresponding to a cohomological Siegel
modular form of weight ~ki. It follows that there is a finite extension Ei/E and a Galois represen-
tation
ρi : Gal(Q/Q)→ GSp4(T~ki ⊗Z Ei)
such that Tr(ρi(Frobp)) = θi(Tp) whenever p /∈ Si, for some finite set of places Si.
If we could compose ρi with ri to construct a representation ρi : Gal(Q/Q)→ GSp4(OE/ℓ
i), then
we would be able to construct ρπ,ℓ as the limit lim←−i
ρi. The problem is that whilst Tr(ρi(Frobp)) ∈
T~ki
⊗ZOEi for all p /∈ Si, it is not necessarily true that ρi can be chosen to be valued in GSp4(T~ki⊗Z
OEi). The solution to this problem is to work with pseudorepresentations.
Associated to ρi is a pseudorepresentation
Ti = Tr(ρi) : Gal(Q/Q)→ T~ki ⊗Z Ei,
and at this level, since Ti(Frobp) ∈ T~ki ⊗Z OEi for all p /∈ Si, it is clear that
Ti : Gal(Q/Q)→ T~ki ⊗Z OEi
is valued in T~ki ⊗Z OEi . Composing with ri, we obtain a pseudorepresentation
T i : Gal(Q/Q)→ OEi/ℓ
i.
A computation shows that each T i is in fact valued in OE/ℓ
i, and that for i ≥ m, Tm ≡ T i
(mod ℓm). Hence, there is a pseudorepresentation
T = lim
←−
i
T i : Gal(Q/Q)→ OE ⊂ Qℓ
It follows from the theory of pseudorepresentations [Tay91, Theorem 1] that there is a semisimple
Galois representation
ρ : Gal(Q/Q)→ GL4(Qℓ)
associated to T , which is by construction the Galois representation associated to π.
Taylor’s construction via pseudorepresentations shows that ρπ,ℓ is valued in GL4(Qℓ), but is insuffi-
cient to show that the representation is isomorphic to one which is valued in GSp4(Qℓ): taking the
trace of ρi ‘forgets’ the fact that ρi is symplectic. The proof of Theorem 1.5 follows the same struc-
ture of Taylor’s proof, replacing pseudorepresentations with Lafforgue’s G-pseudorepresentations.
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1.3.2 Lafforgue pseudorepresentations
In this subsection, we will define Lafforgue pseudorepresentations and state their key properties.
Most of these are lifted directly from [Laf18, Section 11] and [BHKT16, Section 4].
Let G be a split reductive group over Z, and let Z[Gn]G denote the ring of regular functions of Gn
which are invariant under conjugation by G.
Definition 1.7. Let A be a topological ring, let Γ be a topological group and let C(Γn, A) denote
the algebra of continuous functions Γn → A. A (continuous) G-pseudorepresentation Θ = (Θn)n≥1
of Γ over A is a collection of continuous algebra homomorphisms
Θn : Z[G
n]G → C(Γn, A)
for each integer n ≥ 1, which are functorial in the following sense:
1. If n,m ≥ 1 are integers, and ζ : {1, . . . ,m} → {1, . . . , n}, then for every f ∈ Z[Gm]G and
γ1, . . . γn ∈ Γ, we have
Θn(f
ζ)(γ1, . . . , γn) = Θm(f)(γζ(1), . . . , γζ(m)),
where f ζ(g1, . . . , gn) = f(gζ(1), . . . , gζ(m)).
2. For every integer n ≥ 1, f ∈ Z[Gn]G and γ1, . . . γn+1 ∈ Γ, we have
Θn+1(fˆ)(γ1, . . . , γn+1) = Θn(f)(γ1, γn−1, γnγn+1),
where fˆ(g1, . . . , gn+1) = f(g1, . . . , gn−1, gngn+1).
As with classical pseudorepresentations, we can change the ring A. The following facts are imme-
diate from the definitions.
Lemma 1.8. Let A,A′ be topological rings.
1. If h : A → A′ is a map of topological rings, and Θ = (Θn)n≥1 is a G-pseudorepresentation
over A, then h∗(Θ) = (h ◦Θn)n≥1 is a G-pseudorepresentation over A
′.
2. Let h : A →֒ A′ be an injection of topological rings and Θ′ be a G-pseudorepresentation
over A′. Suppose that for every f ∈ Z[Gn]G, Θ′n(f) = h ◦ g for some g ∈ C(Γ
n, A). Then
the collection Θ = (Θn)n≥1 given by Θn(f) = g is a G-pseudorepresentation over A, and
Θ′ = h∗(Θ).
The connection between G-pseudorepresentations and G-valued representations is encapsulated in
the following lemma.
Lemma 1.9. Let ρ : Γ→ G(A) be a continuous homomorphism. For each integer n ≥ 1, let
Θn : Z[G
n]G → C(Γn, A)
given by
Θ(f)(γ1, . . . , γn) = f(ρ(γ1), . . . , ρ(γn)).
Then the collection (Θn)n≥1 is a G-pseudorepresentation, which we will denote Tr(ρ).
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Remark 1.10. Suppose that G is also a linear algebraic group with a fixed embedding ι : G →֒ GLr
for some r. Let χ denote the composition of this map with the usual trace function. Then
χ ∈ Z[G]G. Suppose that
Γ
ρ
−→ G(A) →֒ GLr(A)
is a homomorphism, and that Tr ρ = (Θn)n≥1 is its corresponding G-pseudorepresentation. Then
observe that Θ1(χ) : Γ → A is the classical pseudorepresentation associated to the representation
ι ◦ ρ. Indeed, we have
Θ1(χ)(γ) = χ(ρ(γ)) = Tr(ι ◦ ρ(γ)),
and the properties of this classical pseudorepresentation follow from the properties of Tr ρ [Laf18,
Remark 11.8].
As in the case of classical pseudorepresentations, if A is in fact an algebraically closed field, then
every G-pseudorepresentation arises in this way.
Theorem 1.11 ([Laf18, Proposition 11.7], [BHKT16, Theorem 4.5]). Let Θ be a G-pseudorepresentation
of Γ over A, where A is an algebraically closed field. Then there is a completely reducible represen-
tation
ρ : Γ→ G(A)
such that Θ = Tr(ρ).
Being completely reducible generalises the notion of a GLn-representation being semisimple. Since
we will not use this notion, we refer the reader to [BHKT16, Definition 3.3] for the definition.
1.3.3 Lafforgue pseudorepresentations and Galois representations
A key step in Taylor’s construction is to show that the pseudorepresentation Ti is valued in
T~ki
⊗Z OEi . The following lemma will enable us to prove the analogue of this when using GSp4-
pseudorepresentations in place of pseudorepresentations.
Lemma 1.12. Let χ1, . . . , χr ∈ Z[G]
G. Suppose that for each integer n ≥ 1, Z[Gn]G is generated
by functions of the form
(g1, . . . , gn) 7→ χj(g
a1
ζ(1)g
a2
ζ(2) · · · g
am
ζ(m))
where 1 ≤ j ≤ r, m ≥ 1, ζ : {1, . . . ,m} → {1, . . . , n} and aj ∈ Z. Let
ρ : Γ→ G(A)
be any continuous representations. Then Θ = Tr(ρ) is completely determined by Θ1(χ1), . . . ,Θ1(χr).
Proof. Let Θ be a G-pseudorepresentation, n ≥ 1 be an integer, γ1, . . . , γn ∈ Γ and f ∈ Z[G
n]G.
Since each Θn is an algebra homomorphism, we may assume that
f : (g1, . . . , gn) 7→ χ(g
a1
ζ(1)g
a2
ζ(2) · · · g
am
ζ(m))
where χ = χj for some j, ζ : {1, . . . ,m} → {1, . . . , n} and aj ∈ Z.
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First note that f = gζ where g ∈ Z[Gm]G is given by
g : (g1, . . . , gm) 7→ χ(g
a1
1 · · · g
am
m ).
It follows that
Θn(f)(γ1, . . . , γn) = Θm(g)(γζ(1), . . . , γζ(m)).
Since Θ = Tr(ρ), we observe that
Θm(g)(γζ(1), . . . , γζ(m)) = g
(
ρ(γζ(1)), . . . , ρ(γζ(m))
)
= χ
(
ρ(γζ(1))
a1 · · · ρ(γζ(m))
am
)
= Θm(g
′)(γa1ζ(1), . . . , γ
am
ζ(m))
where
g′ : (g1, . . . , gm) 7→ χ(g1 · · · gm).
If m ≥ 2, then g′ = hˆ, where h ∈ Z[Gm−1]G is given by
h : (g1, . . . , gm−1) 7→ χ(g1 · · · gm−1),
so that
Θm(g
′)(γa1ζ(1), . . . , γ
am
ζ(m)) = Θm−1(h)(γ
a1
ζ(1), . . . , γ
am−1
ζ(m−1)γ
am
ζ(m))
It follows by induction on m that
Θn(f)(γ1, . . . , γn) = Θ1(χ)(γ
a1
ζ(1) · · · γ
am
ζ(m)).
The result follows.
Example 1.13. If G = GLn, then by work of Processi [Pro76], G satisfies the conditions of
Lemma 1.12 with χ1 = Tr and χ2 = det
−1. In particular, a Lafforgue GLn-pseudorepresentation is
completely determined by the associated Taylor pseudorepresentation (c.f. [Laf18, Remark 11.8]).
We will show that GSp4 satisfies the conditions of Lemma 1.12.
Lemma 1.14. For an element X ∈ GSp4, let t
4 +
∑4
i=1(−1)
isi(X)t
4−i be its characteristic poly-
nomial. The group GSp4 satisfies the conditions of Lemma 1.12, with generators si(X), i = 1, 2
and sim±1 ∈ Z[GSp4]
GSp4 .
Proof. The natural embedding
GSp4 → Gm ×M4
gives GSp4 the structure of a closed, GSp4-stable subscheme of Gm ×M4. By [Ses77, Theorem
3(iii)], Spec(Z[GSpn4 ]
GSp4) is therefore a closed subscheme of Spec(Z[(Gm ×M4)
n]GSp4 . It follows
that the corresponding map
Z[(Gm ×M4)
n]GSp4 → Z[GSpn4 ]
GSp4
is surjective.
13
Moreover, since GSp4 acts trivially on G
n
m, we find that
(Z[Gnm]⊗Z Z[M
n
4 ])
GSp4 = Z[Gnm]
GSp4 ⊗Z Z[M
n
4 ]
GSp4 .
Indeed, if f ⊗ g ∈ (Z[Gnm]⊗Z Z[M
n
4 ])
GSp4 , then automatically f ∈ Z[Gnm]
GSp4 , and hence g ∈
Z[Mn4 ]
GSp4 .
Using the fact that Z[Mn4 ]
GSp4 = Z[Mn4 ]
Sp4 , we deduce that Z[Gnm]
Sp4 ⊗Z Z[M
n
4 ]
Sp4 surjects onto
Z[GSpn4 ]
GSp4 .
Now, by [Pro76, Theorem 10.1] Z[Mn4 ]
Sp4 is generated by maps of the form
(γ1, . . . γn) 7→ si(µ
a1
ζ(1) · · ·µ
am
ζ(m))
as ζ runs over all functions {1 . . . ,m} → {1, . . . , n}, i = 1, 2, aj ∈ N and where µj is either γj or
its dual γ∗j . We also have Z[G
n
m]
∼= Z[xi, x
−1
i : 1 ≤ i ≤ n].
We deduce that Z[GSpn4 ]
GSp4 is generated by the image of these maps. For Z[Gnm], we obtain maps
of the form
(γ1, . . . γn) 7→ sim
±1(γζ(1) · · · γζ(m))
as ζ runs over all functions {1 . . . ,m} → {1, . . . , n}. And for Z[Mn4 ]
Sp4 , although µj can either be
γj or its dual γ
∗
j , if γj ∈ GSp4, we have γ
∗
j = sim(γj)γ
−1
j . The result follows.
We are now ready to prove Theorem 1.5.
Proof of Theorem 1.5. We will use the notation at the beginning of this section. Consider the
GSp4-pseudorepresentation Θ
(i) = Tr(ρi) associated to
ρi : Gal(Q/Q)→ GSp4(T~ki ⊗Z Ei).
By Lemmas 1.12 and 1.14, Tr(ρi) is determined completely by
Θ
(i)
1 (s1) = Ti : Gal(Q/Q)→ T~ki ⊗Z Ei,
Θ
(i)
1 (s2) : Gal(Q/Q)→ T~ki ⊗Z Ei,
and
Θ
(i)
1 (sim
±1) : Gal(Q/Q)→ T~ki ⊗Z Ei.
Since each of these maps factors through T~ki ⊗Z OEi , it follows that we can view each Θ
(i) as
a GSp4-pseudorepresentation over T~ki ⊗Z OEi . By Lemma 1.8 we may compose Θ
(i) with the
map ri : T~ki ⊗Z OEi → OEi/ℓ
i to produce a new GSp4-pseudorepresentation Θ
(i)
of Gal(Q/Q)
over OEi/ℓ
i. Since Θ is determined by Θ1(si), i = 1, 2 and Θ1(sim
±1), it follows that Θ is too.
Hence, the arguments of Taylor summarised above show that these maps actually land in OE/ℓ
i,
so that each Θ
(i)
is actually a GSp4-pseudorepresentation over OE/ℓ
i. Therefore, we can form a
GSp4-pseudorepresentation
Θ = lim
←−
i
Θ
(i)
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of Gal(Q/Q) over OE . Finally, viewing OE as a subalgebra of Qℓ, we may view Θ as a GSp4-
pseudorepresentation over Qℓ, and by Theorem 1.11, there is a representation
ρ : Gal(Q/Q)→ GSp4(Qℓ),
such that Θ = Tr(ρ). This is the Galois representation associated to π. Indeed,
Θ1(s1) = T : Gal(Q/Q)→ Qℓ
is exactly the classical pseudorepresentation constructed by Taylor.
2 Irreducibility for all but finitely many crystalline primes
The goal of this section is to prove the first part of Theorem A.
Theorem 2.1. Let π be a cuspidal automorphic representation of GSp4(AQ) of weight (k, 2), k ≥ 2,
which is not CAP or endoscopic. If ℓ > 2k − 1 and the Galois representation ρπ,ℓ is crystalline,
then ρπ,ℓ is irreducible.
We begin by making some reductions on the possible decompositions of ρπ,ℓ, without assuming
crystallinity. The theorem will follow from these reductions and from methods of Ramakrishnan
[Ram13, Section 4].
2.1 Restrictions on the decomposition of ρπ,ℓ
If π is an automorphic representation of cohomological weight and ℓ is a prime, then either ρπ,ℓ
is irreducible, or it decomposes as a direct sum τ1 ⊕ τ2 of odd, irreducible, two-dimensional repre-
sentations, which are distinct and have regular Hodge–Tate weights [Wei05, Theorem II] [Ram13,
Theorem A]. The fact that the two representations are distinct and regular is obvious in the coho-
mological case. We will generalise these results to when π has non-cohomological weight.
Theorem 2.2. Suppose that π is of non-cohomological weight (k, 2) with k ≥ 2. Then either ρπ,ℓ
is irreducible, or it decomposes as a direct sum τ1 ⊕ τ2 of distinct, irreducible, two-dimensional,
Hodge–Tate representations, both with Hodge–Tate weights {0, k − 1} and determinant sim(ρπ,ℓ).
So far, we have assumed that π is not CAP or endoscopic. We first note the following proposition,
which allows us to exclude the case where π is an automorphic induction. (Recall that there are
no symmetric cube lifts of weight (k, 2) with k ≥ 2.)
Proposition 2.3. Suppose that π is an automorphic induction. Then ρπ,ℓ is irreducible for all
primes ℓ.
Proof. Let Π be the transfer of π to GL4, and suppose that Π is automorphically induced from an
automorphic representation π′ of GL2(AK) or of GL1(AK), where K is a degree 2 or 4 extension of
Q. Let ρπ′,ℓ be the ℓ-adic Galois representation attached to π
′. Then, by local-global compatibility
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and the strong multiplicity one theorem for cuspidal automorphic representations of GL4, it follows
that ρπ,ℓ = Ind
Q
K(ρπ′,ℓ).
We know that ρπ′,ℓ is irreducible. Moreover, since Π is cuspidal, for any σ ∈ Gal(K/Q), we have
(π′)σ 6≃ π′ [AC89, Theorem 4.2], from which it follows that ρσπ′,ℓ 6≃ ρπ′,ℓ. It follows by Mackey
theory that ρπ,ℓ is irreducible.
Fix a prime ℓ and suppose that ρπ,ℓ is reducible.
Lemma 2.4. The representation ρπ,ℓ does not contain a one-dimensional constituent.
Proof. Since ρπ,ℓ has Hodge–Tate–Sen weights {0, 0, k − 1, k − 1}, any one-dimensional constituent
of ρπ,ℓ will be a Hodge–Tate character with Hodge–Tate weight either 0 or k− 1. Such a character
must be of the form ǫχiℓ, where ǫ is a finite order Galois character, χℓ is the ℓ-adic cyclotomic
character, and i ∈ {0, k − 1}.
Thus, if ρπ,ℓ has a one-dimensional subrepresentation, then for every prime p 6= ℓ at which ρπ,ℓ
is unramified, the characteristic polynomial of ρπ,ℓ(Frobp) has a root αp ∈ C with |αp| = 1 or
|αp| = p
k−1. The generalised Ramanujan conjecture predicts that |ap| = p
k−1
2 , so if ρπ,ℓ has a one-
dimensional subrepresentation, then the generalised Ramanujan conjecture fails for all but finitely
many primes. Although the Ramanujan conjecture is not known in full for non-cohomological π,
by [Wal13, Theorem 1.1], the set of primes p for which
1
n
≤ |αp|p
− k−1
2 ≤ n
has positive density for n sufficiently large, which is enough to give a contradiction.
Therefore, we can write
ρπ,ℓ = τ1 ⊕ τ2,
where the τi are irreducible two-dimensional representations. We now show that both representa-
tions are Hodge–Tate, and that their determinants have the same Hodge–Tate weight as sim(ρπ,ℓ).
Lemma 2.5. The representations τ1 and τ2 are Hodge–Tate with Hodge–Tate weights {0, k − 1}
Proof. Suppose, without loss of generality, that τ1 has Hodge–Tate–Sen weights {0, 0}. It follows
that det(τ1) is a Hodge–Tate character with Hodge–Tate weight 0. In particular, if p 6= ℓ is a
prime at which τ1 is unramified, and if αp, βp ∈ C are the roots of the characteristic polynomial of
τ1(Frobp), then
|αpβp| = 1.
After relabelling, it follows that |αp| ≤ 1 for almost all primes, contradicting [Wal13, Theorem 1.1]
as in the previous lemma.
It follows that τ1 and τ2 both have Hodge–Tate–Sen weights {0, k− 1}. Since the Hodge–Tate–Sen
weights are distinct integers, it follows that the Sen operator is semisimple [Mok14, Theorem 5.17],
and hence that both τ1 and τ2 are Hodge–Tate.
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Lemma 2.6. Both τ1 and τ2 have determinant sim(ρπ,ℓ). In particular, τ1 and τ2 are odd.
Proof. Let ω = det(τ1)
−1 sim(ρπ,ℓ). By Lemma 2.5, ω is a finite order character. We will show that
it is the trivial character.
First, since
sim(ρπ,ℓ)
2 ≃ det(ρπ,ℓ) ≃ det(τ1) det(τ2),
it follows that
ω ≃ det(τ2) sim(ρπ,ℓ)
−1.
Moreover, since ρπ,ℓ is symplectic,
τ1 ⊕ τ2 ≃ ρπ,ℓ ≃ ρ
∨
π,ℓ ⊗ sim(ρπ,ℓ)
≃
(
τ∨1 ⊗ sim(ρπ,ℓ)
)
⊕
(
τ∨2 ⊗ sim(ρπ,ℓ)
)
≃
(
τ1 ⊗ det(τ1)
−1 ⊗ sim(ρπ,ℓ)
)
⊕
(
τ2 ⊗ det(τ2)
−1 ⊗ sim(ρπ,ℓ)
)
≃ (τ1 ⊗ ω)⊕
(
τ2 ⊗ ω
−1
)
.
By Schur’s lemma, it follows that either:
1. τ1 ⊗ ω ≃ τ1 and τ2 ⊗ ω ≃ τ2;
2. τ1 ⊗ ω ≃ τ2.
In the first case, we deduce that ρπ,ℓ ⊗ ω ≃ ρπ,ℓ. Recall that there is a cuspidal automorphic
representation Π of GL4(AQ) associated to π. By local-global compatibility, if η is the Hecke
character corresponding to ω, then Π and Π ⊗ η have the same Hecke polynomials at almost all
primes. But Π is cuspidal by assumption, so by the strong multiplicity one theorem for GL4, we
see that Π ∼= Π⊗ η. Hence, by [AC89, Lemma 3.6.6], Π is an automorphic induction, contradicting
our assumptions.
In the second case, we have ρπ,ℓ ≃ τ1 ⊕ τ1 ⊗ ω. Suppose that ω has order n. If n = 1, it follows
by definition that sim(ρπ,ℓ) = det(τ1). If n = 2, then ω = ω
−1, so ρπ,ℓ ⊗ ω ≃ ρπ,ℓ. Since Π is not
an automorphic induction, as before, we may assume that ρπ,ℓ ⊗ ω
i 6≃ ρπ,ℓ for any 1 ≤ i ≤ n − 1.
Hence, we may assume that n > 2.
If η is the Hecke character corresponding to ω, it follows that Π 6∼= Π⊗ ηi for 1 ≤ i ≤ n− 1. Hence,
outside a finite set S of places, by [JS81, 3.6, 3.7]
ords=1 LS(ρπ,ℓ ⊗ ρ
∨
π,ℓ ⊗ ω
i, s) = ords=1 LS(Π×Π
∨ × ηi, s) = 0, (2.1)
whilst
ords=1 LS(ρπ,ℓ ⊗ ρ
∨
π,ℓ, s) = ords=1 LS(Π×Π
∨, s) = −1. (2.2)
We will use these facts to reach a contradiction. We first show that for each i, L(τ1 ⊗ τ
∨
1 ⊗ ω
i, s)
has meromorphic continuation to the entire complex plane. Indeed, consider the exterior square
∧2
(ρπ,ℓ)⊗ sim(ρπ,ℓ)
−1 ≃ τ1 ⊗ τ
∨
1 ⊕ ω ⊕ ω
−1.
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There is an automorphic representation
∧2(π) of GL6 with the property that LS(∧2(π), s) =
LS(
∧2(ρπ,ℓ), s) outside a finite set of places S [Kim03]. In particular, we have an equality of
L-functions
LS(
∧2
(ρπ,ℓ)⊗ sim(ρπ,ℓ)
−1, s) = LS(τ1 ⊗ τ
∨
1 , s)LS(ω, s)LS(ω
−1, s), (2.3)
from which it follows that L(τ1⊗ τ
∨
1 , s) has meromorphic continuation to the entire complex plane.
Similarly, by considering LS(
∧2
(ρπ,ℓ)⊗ sim(ρπ,ℓ)
−1⊗ ωi, s), we deduce that for any i, L(τ1⊗ τ
∨
1 ⊗
ωi, s) has meromorphic continuation to the entire complex plane.
Define
ai = ords=1 L(τ1 ⊗ τ
∨
1 ⊗ ω
i, s) ∈ Z.
By [Sch17, Lemma 1.2], the left hand side of (2.3) has a simple pole at s = 1. Since ω is not the
trivial character, it follows that
a0 = ords=1 L(τ1 ⊗ τ
∨
1 , s) = −1.
For each i = 0, . . . n− 1, we have
ρπ,ℓ ⊗ ρ
∨
π,ℓ ⊗ ω
i ≃ 2 ·
(
τ1 ⊗ τ
∨
1 ⊗ ω
i
)
⊕
(
τ1 ⊗ τ
∨
1 ⊗ ω
i+1
)
⊕
(
τ1 ⊗ τ
∨
1 ⊗ ω
i−1
)
.
By induction, it follows from (2.1) that
ai = −2ai−1 − ai−2
for all i = 2, · · · , n− 1. Solving this difference equation gives
ai = (−1)
i+1 + i(1− a1)(−1)
i. (2.4)
But
ords=1 LS(ρπ,ℓ ⊗ ρ
∨
π,ℓ, s) = 2a0 + a1 + ords=1 LS(τ1 ⊗ τ
∨
1 ⊗ ω
−1, s),
and it follows from (2.2) that
an−1 = ords=1 LS(τ1 ⊗ τ
∨
1 ⊗ ω
−1, s) = 1− a1.
Comparing this with (2.4) gives
1− a1 = (−1)
n + (n− 1)(1− a1)(−1)
n−1
from which it follows that
a1 = 1 +
(−1)n+1
1 + (−1)n(n− 1)
.
This is only an integer if n = 1, contradicting our assumptions. The result follows.
Finally, we show that τ1 and τ2 are distinct, completing the proof of Theorem 2.2.
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Lemma 2.7. If ρπ,ℓ ≃ τ1 ⊕ τ2 where τ1 and τ2 are irreducible and two-dimensional, then τ1 6≃ τ2.
Proof. Suppose that ρπ,ℓ ≃ τ ⊕ τ where τ is irreducible and two-dimensional. Then on the one
hand, ∧2
(ρπ,ℓ)⊗ sim(ρπ,ℓ)
−1 ≃ Ad0(τ)⊕ 3 · 1,
from which it follows that L(Ad0(τ), s) has meromorphic continuation to the entire complex plane.
But we also have
ρπ,ℓ ⊗ ρ
∨
π,ℓ ≃ 4 ·Ad
0(τ)⊕ 4 · 1.
Since Π is cuspidal, it follows that
ords=1 L(Ad
0(τ1), s)
4 = 3,
which is impossible if L(Ad0(τ1), s) is meromorphic.
2.2 Irreducibility for all but finitely many crystalline primes
We have reduced to the case where ρπ,ℓ ≃ τ1 ⊕ τ2, where the τi are distinct, odd, irreducible, two-
dimensional representations. The remainder of the proof of [Ram13, Theorem B] now applies.
Proof of Theorem 2.1. Suppose that ℓ > 2k − 1 and that ρπ,ℓ is reducible and crystalline. By
Theorem 2.2, ρπ,ℓ decomposes as a sum of distinct irreducible two-dimensional representations,
which are odd, crystalline and have regular Hodge–Tate weights. This is exactly the setting of the
cohomological case. The result follows from the arguments of [Ram13, Section 4].
3 Crystallinity when ρπ,ℓ is irreducible for one prime
Let π be of non-cohomological weight (k, 2), k ≥ 2. In the previous section, we showed that ρπ,ℓ is
irreducible whenever it is crystalline and ℓ is sufficiently large. Over the next two sections, we show
that ρπ,ℓ is crystalline for 100% of primes. In this section, we prove the following proposition:
Proposition 3.1. Suppose that there exists a prime ℓ for which ρπ,ℓ is irreducible. Then for 100%
of primes p, the representation ρπ,p is crystalline.
Remark 3.2. If π is an automorphic induction, then it is induced from an automorphic repre-
sentation π′ of GL2(AK), where K/Q is a quadratic extension. When K is real quadratic, the
p-adic Galois representations are crystalline for all primes p at which π is not spherical. When K
is imaginary quadratic, crystallinity for 100% of primes is a result of [ACC+18]. In either case, the
p-adic Galois representation associated to π′ is irreducible. Hence, we can assume, without loss of
generality, that π is not an automorphic induction.
Our key tool will be the following lemma, due to Jorza.
Lemma 3.3 ([Jor12, Theorem 3.1]). Let p be a prime. Suppose that π is unramified at p, and that
the roots of the pth Hecke polynomial are pairwise distinct. Then ρπ,p is crystalline.
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If p 6= ℓ, then the pth Hecke polynomial is exactly the characteristic polynomial of ρπ,ℓ(Frobp).
Hence, we can deduce that ρπ,p is crystalline by analysing ρπ,ℓ.
Consider the representation ρπ,ℓ, which we are assuming is irreducible. Proposition 3.1 will follow
from Lemma 3.3 if we can show that the characteristic polynomial of ρπ,ℓ(Frobp) has distinct roots
for 100% of primes p. We will show this distinctness by using the irreducibility of ρπ,ℓ in combination
with the following density argument, which can be viewed as a generalisation of [Tay93, Lemma 2]
(see also [CGH17, Lemma 4.2]).
Lemma 3.4. Let Eλ be a finite extension of Qℓ and let Ĝ be a reductive group over Eλ. Fix an
embedding Ĝ →֒ GLn for some n. Let K be a number field, and
ρ : Gal(K/K)→ Ĝ(Eλ) →֒ GLn(Eλ)
be a continuous Galois representation. Define:
• G = ρ(Gal(K/K)) to be the image of ρ;
• G to be the Eλ-Zariski closure of G in Ĝ(Eλ);
• G
′
and Ĝ′ to be the derived subgroups of G and Ĝ;
• g and ĝ to be the Lie algebras of G and Ĝ respectively;
• g′ and ĝ′ to be their derived subalgebras.
Let U be a Zariski-open subset of Ĝ which is closed under conjugation. Suppose that:
1. If H is any open subgroup of Ĝ′(Eλ) and g ∈ Ĝ(Eλ), then gH ∩ U is non-empty;
2. g′ = ĝ′.
Let S be the set of primes p of K for which ρ(Frobp) /∈ U . Then S has density 0.
Proof. Let G
0
be the identity connected component of G. For any g ∈ G, let Ug = U ∩ gG
0
denote
the elements of U which are contained in the connected component gG
0
.
Since g′ = ĝ′, (G
0
)′ is an open subgroup of Ĝ′(Eλ), so by assumption, g(G
0
)′ ∩ U is non-empty. It
follows that Ug is a non-empty open subset of the connected component gG
0
of G. Hence, Ug is
dense in gG
0
, and the boundary of Ug is gG
0
\Ug. Let Vg = gG
0
\Ug, and observe that Vg is closed.
Let µ be the Haar measure on G. By [Ser12, Prop 5.12], µ(G ∩ gG
0
) = 1m , where m = [G : G
0
]
is the number of connected components of G
0
. Since Vg is a closed subset which does not contain
any connected component of G
0
, it follows from [Ser12, Prop 5.12] that µ(G ∩ Vg) = 0.
Hence, µ(G ∩ Ug) =
1
m , and µ(G ∩ U) = 1. It follows from the Chebotarev density theorem (see
[Ser98, I-8]) that ρπ,ℓ(Frobp) ∈ G ∩ U for a set of primes of density 1. The result follows.
We will be interested in the groups Ĝ = GSp4 and Ĝ = GL2, with U the set of elements of Ĝ which
have pairwise distinct eigenvalues. For Ĝ = GSp4, by the eigenvalues of M ∈ GSp4, we mean the
eigenvalues of the embedding of M into GL4. Then U is a Zariski-open set: its complement is
the vanishing set of the discriminant of the characteristic polynomial. The following lemma and
remark show that we can apply Lemma 3.4 in these cases.
20
Lemma 3.5. Let Eλ be a finite extension of Qℓ. Let U be the set of elements of GSp4 which have
pairwise distinct eigenvalues via the embedding GSp4 →֒ GL4. Then for any g ∈ GSp4(Eλ), and
for any open subgroup H of Sp4(Eλ), gH ∩ U is non-empty.
Proof. Fix g ∈ GSp4(Eλ), and an open subgroup H of Sp4(Eλ). Write g = zg
′, where z = sim(g)I.
Since z is a scalar matrix, it follows that zU = U , so we may assume that g ∈ Sp4(Eλ).
Since H is an open subgroup of Sp4(Eλ), it contains a group of the form{
γ ∈ Sp4(Eλ) : γ ≡ 1 (mod ̟
k)
}
,
for some integer k, where ̟ is a uniformiser of Eλ. Now, Eλ is the completion of some number
field E, and we can assume that ̟ ∈ OE , so H also contains the set{
γ ∈ Sp4(OE) : γ ≡ 1 (mod ̟
k)
}
.
Moreover, since we are interested in the coset gH, we may assume that g ∈ Sp4(E). Choose a
prime q of OE which is prime to ̟ and to all the coefficients of g. We can therefore reduce g
modulo q to an element g of Sp4(OE/q). Now, Sp4 is semisimple, so by the strong approximation
theorem, the reduction map
g
{
γ ∈ Sp4(OE) : γ ≡ 1 (mod ̟
k)
}
→ g Sp4(OE/q) = Sp4(OE/q)
is surjective. Clearly Sp4(OE/q) contains elements with distinct eigenvalues. Hence, gH contains
elements with distinct eigenvalues, and the result follows.
Remark 3.6. Let Ĝ be any connected reductive group over Eλ with a fixed embedding Ĝ →֒ GLn.
Suppose that:
• The centre of Ĝ maps to the scalar matrices via the embedding Ĝ →֒ GLn;
• Ĝ′ ∩ U(Eλ) is non-empty.
Then the above lemma applies to Ĝ with an analogous proof. In particular, we can apply Lemma
3.4 to the group Ĝ = GL2.
Recall, that we have assumed that ρπ,ℓ is irreducible for some prime ℓ. We now show that since π
is not an automorphic induction, ρπ,ℓ is Lie irreducible.
Definition 3.7. Let G be a group, and k be a field. We say that a representation
ρ : G→ GLn(k)
is Lie irreducible if ρ|H is irreducible for all finite index subgroups H ≤ G.
Definition 3.8. Let G be a group, and k be a field. We say that a representation
ρ : G→ GLn(k)
is imprimitive if it is absolutely irreducible, but there is a finite index subgroup H < G and a
k-representation σ of H such that ρ ≃ IndGH σ. Otherwise, we say that ρ is primitive.
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Lemma 3.9. The representation ρπ,ℓ is imprimitive for some ℓ if and only if π is an automorphic
induction.
Proof. Let Π be the transfer of π to GL4. We will show that ρπ,ℓ is imprimitive if and only if there
is a quadratic extension K/Q and an automorphic representation π′ of GL2(AK), such that Π is
induced from π′. Note that π′ itself could also be an automorphic induction.
By [AC89, Lemmas 6.4, 6.6], Π is automorphically induced from an automorphic representation π′
as above if and only if
Π ∼= Π⊗ ηK/Q,
where ηK/Q is the quadratic Hecke character corresponding to the extension K/Q. By strong
multiplicity 1 for GL4, this is equivalent to
ρπ,ℓ ≃ ρπ,ℓ ⊗ ǫK/Q,
where ǫK/Q is the Galois character corresponding to ηK/Q. Since ρπ,ℓ is irreducible, this in turn is
equivalent to ρπ,ℓ being induced from a representation of Gal(Q/K).
It remains to show that if ρπ,ℓ = Ind
Q
K σ is imprimitive, then K can be chosen to be a quadratic
extension. Since ρπ,ℓ is four-dimensional, by counting dimensions, we see that [K : Q] = 2 or 4.
If K contains a quadratic subextension K ′, then ρπ,ℓ = Ind
Q
K ′
(
IndKK ′ σ
)
. Finally, if K does not
contain a quadratic subfield, the proof of [GT10, Lemma 5.3] shows that ρπ,ℓ is induced from a
different quadratic extension.
Proposition 3.10. Suppose that ρπ,ℓ is irreducible but not Lie irreducible for some ℓ. Then Π is
an automorphic induction.
Proof. By Lemma 3.9, we may assume that ρπ,ℓ is primitive. Then, by [Pat12, Propositon 3.4.1],
we can write
ρπ,ℓ = τ ⊗ ω,
where τ is a Lie irreducible representation of dimension d with d | 4, and ω is an Artin representation
of dimension 4d .
If ρπ,ℓ is not Lie irreducible, the fact that ρπ,ℓ is not a twist of an Artin representation ensures that
τ is two-dimensional. If ω is imprimitive—say ω ≃ IndQK(χ) for some quadratic extension K/Q
and character χ of Gal(Q/K)—then
ρπ,ℓ ≃ Ind
Q
K(τ |K ⊗ χ)
is also imprimitive. Hence, we may assume that both τ and ω are primitive. It follows that Sym2(τ)
and Sym2(ω) are both irreducible. Taking exterior squares, we find that
∧2
(ρπ,ℓ) ≃
∧2
(τ ⊗ ω) ≃
(∧2
(τ)⊗ Sym2(ω)
)
⊕
(∧2
(ω)⊗ Sym2(τ)
)
does not contain a one-dimensional subrepresentation, contradicting the fact that ρπ,ℓ is symplectic.
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We are now ready to prove Proposition 3.1, which will follow immediately from Lemma 3.3 and the
following proposition. We remark that the following result is also new in the cohomological case,
and will be used in Section 5 to refine the results of [DZ].
Proposition 3.11. Let π be a cuspidal automorphic representation of GSp4(AQ) of weight (k1, k2).
Suppose that π is not CAP or endoscopic, and that it is neither an automorphic induction nor a
symmetric cube lift. Assume that ρπ,ℓ is irreducible for at least one prime ℓ. Then π has distinct
Satake parameters for 100% of primes.
Proof. We may assume that ρπ,ℓ is defined over a finite extension Eλ of Qℓ.
Let Ĝ = GSp4 with its usual embedding into GL4. LetG be theEλ-Zariski closure of ρπ,ℓ(Gal(Q/Q))
in GSp4(Eλ). Let ĝ and g be their Lie algebras. By Lemmas 3.4 and 3.5, it remains to show that
g′ = ĝ′.
Let
ρˆπ,ℓ : G→ GSp4(Eλ)
denote the natural representation of G. The fact that ρπ,ℓ is semisimple ensures that G is a reductive
group. It follows that G
′
is a semisimple algebraic group, and hence that g′ is a semisimple
Lie algebra. In particular, using the classification of semisimple Lie algebras and the fact that
g′ ⊆ sp4(Eλ), we deduce that g
′ ⊗Eλ Qℓ (for a fixed embedding Eλ →֒ Qℓ) is one of the following
Lie algebras [HT15, 9.3.1]:
1. sp4(Qℓ);
2. sl2(Qℓ)× sl2(Qℓ);
3. sl2(Qℓ) embedded in a Klingen parabolic subalgebra;
4. sl2(Qℓ) embedded in a Siegel parabolic subalgebra;
5. sl2(Qℓ) embedded via the symmetric cube representation SL2 → Sp4;
6. {1}.
Let
dρˆπ,ℓ : g→ gsp4(Eλ)
be the Lie algebra representation associated to ρˆπ,ℓ. Since π is not an automorphic induction and
ρπ,ℓ is irreducible, by Proposition 3.10, ρπ,ℓ is Lie irreducible, which exactly says that dρˆπ,ℓ is
irreducible.
In addition, since g is semisimple, we can write g = g′ ⊕ a, where a is abelian. It follows that dρˆπ,ℓ
is irreducible if and only if its restriction to g′ is. In particular, g′⊗EλQℓ cannot be as in cases (2),
(3), (4) or (6).
Now suppose that g′ ⊗Eλ Qℓ
∼= Sym3 sl2(Qℓ). Then, with the notation of Lemma 3.4,
(G
0
)′ ⊆ Sym3 SL2(Qℓ),
and therefore
G
0
∩ ρπ,ℓ(Gal(Q/Q)) ⊆ G
0
⊆ Sym3GL2(Qℓ).
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Hence, G
0
is a symmetric cube lift. Since G
0
∩ ρπ,ℓ(Gal(Q/Q)) has finite index in ρπ,ℓ(Gal(Q/Q)),
[Con, Lemma 4.6] shows that ρπ,ℓ itself is a symmetric cube lift. If π has weight (k, 2), this is
incompatible with the Hodge–Tate–Sen weights of ρπ,ℓ. If π is cohomological we can apply [Con,
Corollary 4.1] to deduce that π must be a symmetric cube lift, contradicting our assumptions.
It follows by exhaustion that g′ ⊗Eλ Qℓ
∼= sp4(Qℓ). Now, g
′ is a vector subspace of sp4(Eλ); the
fact that g′ ⊗Eλ Qℓ
∼= sp4(Eλ)⊗Eλ Qℓ shows that the two vector spaces have the same dimension,
and hence are equal, as required.
Remark 3.12. The proofs in this section also apply when π has cohomological weight. In this case,
ρπ,ℓ is irreducible whenever ℓ is sufficiently large, and we deduce that for any ℓ, the characteristic
polynomial of ρπ,ℓ(Frobp) has distinct roots for 100% of primes p.
4 Crystallinity for 100% of primes
In the previous section, we proved that ρπ,ℓ is crystalline for 100% of primes if it is irreducible for
at least one prime. In this section, we will prove that ρπ,ℓ is irreducible for at least one prime. The
result will follow from the following lemma.
Lemma 4.1. The representation ρπ,ℓ is crystalline for a positive density of primes ℓ.
Theorem A follows immediately.
Proof of Theorem A. By Lemma 4.1, combined with Theorem 2.1, we deduce that ρπ,ℓ is irreducible
for at least one prime. Hence, by Proposition 3.1, ρπ,ℓ is crystalline for 100% of primes. Applying
Theorem 2.1 again, we deduce that ρπ,ℓ is irreducible for 100% of primes.
Fix a prime ℓ, and suppose that ρπ,ℓ is reducible. Then by Theorem 2.2, we know that ρπ,ℓ ≃ τ1⊕τ2
decomposes as a direct sum of distinct two-dimensional representations, both with determinant
sim(ρπ,ℓ).
We may suppose that ρπ,ℓ ≃ τ1 ⊕ τ2 is defined and reducible over a finite extension Eλ of Qℓ. For
each i = 1, 2 define:
• Hi to be the image of τi;
• H i to be the Eλ-Zariski closure of Hi in GL2(Eλ);
• hi to be the Lie algebra of H i;
• h
′
i to be its derived subalgebra.
Remark 4.2. If τi is Lie irreducible, then it is well-known [Rib77] that h
′
i = sl2(Eλ). Indeed,
hi ⊗Eλ Qℓ is a semisimple Lie subalgebra of sl2(Qℓ), so is either {1} or sl2(Qℓ); since τi is Lie-
irreducible, we conclude that it is sl2(Qℓ). Hence, by Lemma 3.4 and Remark 3.6, τi(Frobp) has
distinct eigenvalues for 100% of primes p.
Lemma 4.3. If either of τ1 and τ2 is not Lie irreducible, then Lemma 4.1 holds for ρπ,ℓ.
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Proof. For each i = 1, 2 and for each prime p 6= ℓ at which ρπ,ℓ is unramified, let αp,i, βp,i be
the roots of the characteristic polynomial of τi(Frobp). After Lemma 3.3, we need to show that
αp,1, αp,2, βp,1 and βp,2 are distinct for a positive density of primes.
Without loss of generality, we may assume that τ2 is not Lie irreducible. By [Pat12, Proposition
3.4.1], since τ2 is not an Artin representation, it follows that there is a quadratic extension K/Q
and a character χ of Gal(Q/K) such that
τ2 ≃ Ind
Q
K(χ).
In particular, τ2 is the Galois representation associated to a CM cuspidal automorphic representa-
tion π2 of GL2(AQ). If ǫ = ǫK/Q is the quadratic character which cuts out K, then τ2 ⊗ ǫ ≃ τ2.
If τ1 is also not Lie irreducible, then by the same argument τ1 is automorphic. If this were the
case, then both τ1 and τ2 would be crystalline at all unramified primes. So we may assume that τ1
is Lie irreducible. Hence, by Remark 4.2, αp,1 6= βp,1 for 100% of primes.
Suppose that αp,1, αp,2, βp,1 and βp,2 are pairwise distinct for 0% of primes. If p splits in K, then
Tr(τ1(Frobp)) = Tr((τ1 ⊗ ǫ)(Frobp)),
since ǫ(Frobp) = 1. And if p is inert in K, then ǫ(Frobp) = −1, from which it follows that
αp,2 = −βp,2. Since det(τ1) = det(τ2), we have
αp,1βp,1 = −α
2
p,2. (4.1)
We may therefore assume, without loss of generality, that αp,1 = ±αp,2 for 100% of inert primes p,
and thus by (4.1) that βp,1 = ∓αp,2. Therefore, for these primes,
Tr(τ1(Frobp)) = 0 = Tr((τ1 ⊗ ǫ)(Frobp)).
Hence, τ1 and τ1⊗ ǫ have the same trace at Frobp for all split primes and for 100% of inert primes.
It follows that τ1 ≃ τ1 ⊗ ǫ, so τ1 is not Lie irreducible. This is a contradiction.
Proof of Lemma 4.1. By the previous lemma and Theorem 2.2, we may suppose that ρπ,ℓ = τ1⊕τ2,
where τ1, τ2 are distinct, Lie irreducible, two-dimensional representations, both with the same
determinant. For each i = 1, 2 and for each prime p 6= ℓ at which ρπ,ℓ is unramified, let αp,i, βp,i be
the roots of the characteristic polynomial of τi(Frobp). It follows from Remark 4.2 that αp,i 6= βp,i
for a set of primes S of density 1.
Since det(τ1) = det(τ2), we have
αp,1βp,1 = αp,2βp,2.
Moreover, since τ1 6≃ τ2, there exists a set of primes S
′ of positive density for which
αp,1 + βp,1 6= αp,2 + βp,2
whenever p ∈ S′.
The combination of these facts ensures that αp,1, αp,2, βp,1, βp,2 are distinct whenever p ∈ S ∩ S
′.
The result follows from Lemma 3.3.
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5 Residual irreducibility and the image of Galois
Let π be a cuspidal automorphic representation of GSp4(AQ) with weight (k1, k2) with k1 ≥ k2 ≥ 2.
Suppose that π is not CAP, endoscopic, an automorphic induction or a symmetric cube lift. For
each prime ℓ, let ℓ denote the prime of Zℓ lying over ℓ, let
ρℓ = ρπ,ℓ : Gal(Q/Q)→ GSp4(Qℓ)
be the ℓ-adic Galois representation associated to π, and let
ρℓ : Gal(Q/Q)→ GSp4(Fℓ)
be the semisimplification of its reduction mod ℓ. Let L denote the set of primes ℓ at which ρℓ is
crystalline.
In this section, we will prove Theorem B: that for all but finitely many primes ℓ ∈ L, ρℓ is irreducible
and its image contains Sp4(Fℓ).
Remark 5.1. When π has non-cohomological weight, the results of this section are new. When
π has cohomological weight, Dieulefait–Zenteno [DZ] have proven that the image of ρℓ contains
Sp4(Fℓ) for 100% of primes. We will sharpen their result, and show that ρℓ contains Sp4(Fℓ) for
all but finitely many primes.
The connection between the image of ρℓ containing Sp4(Fℓ) and the image of ρℓ is encapsulated by
the following lemma, which is essentially due to Serre.
Lemma 5.2. Let Eλ be a finite extension of Qℓ and let X be a closed subgroup of GSp4(OEλ)
whose image mod λ contains Sp4(Fℓ). Then X contains a form of Sp4(Zℓ), i.e. a group H such
that H ×Zℓ OEλ = Sp4(OE).
Proof. Let X0 = X ∩Sp4(OEλ). Then X0 ⊃ X
′, where X ′ is the commutator subgroup of X. Since
Sp4(Fℓ) is a perfect group, it follows that the reduction mod λ of X0 still contains Sp4(Fℓ).
Let Y0 be the preimage of Sp4(Fℓ) in X0, and let Y = Y0 ×Zℓ OEλ ⊆ Sp4(OEλ). Then Y is a
closed subgroup of Sp4(OEλ) which maps onto Sp4(Fλ). It follows from [DKR01, Lemma 2.2] that
Y = Sp4(OEλ). Hence Y0 ⊆ X is a form of Sp4(Zℓ).
For each ℓ, ρℓ is defined over a finite extension Eλ of Q. Hence, ρℓ has large image in the sense of
Theorem B if and only if its image contains a form of Sp4(Zℓ) which splits over OEλ .
Remark 5.3. Our proof follows the structure of [Die02b], [Die07] and [DZ], in that our key tools will
be the classification of the maximal subgroups of Sp4(Fℓn) and Fontaine–Laffaille theory. However,
we have reworked the arguments to avoid results that are only known when π is cohomological.
A key observation is that Dieulefait’s proof does not need the full strength of the Ramanujan
conjecture, but that weaker results are sufficient. Of particular note is Section 5.1.4, which shows
that ρℓ cannot split as a sum of two-dimensional even representations; this is new even to the
cohomological case (c.f. [DZ, Remark 3.4]).
Whilst the results in this section apply to automorphic representations of arbitrary weight, for ease
of notation, we will assume that π has non-cohomological weight (k, 2), k ≥ 2.
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Proposition 5.4. Let ℓ be a prime such that ℓ > k and ℓ ∈ L. Then we have the following
possibilities for the action of the inertia group Iℓ at ℓ (c.f. [Die02a]):


1 ∗ ∗ ∗
0 χk−1ℓ ∗ ∗
0 0 1 ∗
0 0 0 χk−1ℓ

 ,


ψk−12 0 ∗ ∗
0 ψ
ℓ(k−1)
2 ∗ ∗
0 0 1 ∗
0 0 0 χk−1ℓ

 ,


ψk−12 0 ∗ ∗
0 ψ
ℓ(k−1)
2 ∗ ∗
0 0 ψ
ℓ(k−1)
2 0
0 0 0 ψk−12

 ,


ψ
(ℓ+ℓ2)(k−1)
4 0 0 0
0 ψ
(ℓ2+ℓ3)(k−1)
4 0 0
0 0 ψ
(ℓ3+1)(k−1)
4 0
0 0 0 ψ
(1+ℓ)(k−1)
4

 ,
where χℓ is the mod ℓ cyclotomic character, and ψi is the fundamental character of level i.
5.1 Residual Irreducibility
We will begin by showing that ρℓ is irreducible for all but finitely many primes ℓ ∈ L. Our proofs
will closely resemble those of Section 2.
Suppose that ρπ,ℓ is crystalline and that ℓ > 2k − 1. Let N be the integer obtained in Corollary
1.4,—i.e. the conductor of ρπ,ℓ divides N for all ℓ. By Theorem A, we may assume that ρπ,ℓ
is irreducible. If ρℓ is reducible, then by Proposition 5.4, ρℓ decomposes in one of the following
ways:
1. ρℓ has a one-dimensional subrepresentation;
2. ρℓ decomposes as ρℓ ≃ τ1 ⊕ τ2 where the τi are irreducible, two-dimensional representations,
det(τ1) = ǫ and det(τ2) = ǫ
−1χ2k−2ℓ , where ǫ is a Dirichlet character of conductor dividing N ;
3. ρℓ decomposes as ρℓ ≃ τ1 ⊕ τ2 where the τi are irreducible, two-dimensional representations,
det(τ1) = ǫχ
k−1
ℓ and det(τ2) = ǫ
−1χk−1ℓ , where ǫ is a Dirichlet character of conductor dividing
N , and det(τi) is odd ;
4. ρℓ decomposes as ρℓ ≃ τ1 ⊕ τ2 where the τi are irreducible, two-dimensional representations,
det(τ1) = ǫχ
k−1
ℓ and det(τ2) = ǫ
−1χk−1ℓ , where ǫ is a Dirichlet character of conductor dividing
N , and det(τi) is even.
We will show that ρℓ decomposes in each of these ways for at most finitely many ℓ.
5.1.1 One-dimensional subrepresentation
First note that ρℓ cannot have a three-dimensional constituent. Indeed, if
ρℓ ≃ ǫ⊕ τ,
where τ is a three-dimensional representation, then since ρ∨ℓ ⊗ sim(ρℓ) ≃ ρℓ, it follows that
τ∨ ⊗ sim(ρℓ) ≃ τ,
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which is incompatible with Proposition 5.4, because sim(ρℓ)|Iℓ ≃ χ
k−1
ℓ (recall that ℓ ∈ L).
If ρℓ decomposes as a sum of four characters, then by Proposition 5.4, without loss of generality, they
must be of the form ǫ1, ǫ2χ
k−1
ℓ , ǫ3, ǫ4χ
k−1
ℓ , where the ǫi are Dirichlet characters whose conductors
divide N . If this case occurs for infinitely many primes ℓ, we can assume, without loss of generality,
that the ǫi are independent of ℓ. It follows that for any prime p ∤ ℓN ,
Φ(ρℓ(Frobp)) ≡ (X − ǫ1(p))(X − ǫ2(p)p
k−1)(X − ǫ3(p))(X − ǫ4(p)p
k−1) (mod ℓ)
for infinitely many ℓ. Since both sides of the congruence are independent of ℓ, the congruence
must be an equality for all p ∤ N . Hence, by the Chebotarev density theorem, and the fact that a
semisimple representation is determined by its trace, it follows that
ρℓ ≃ ǫ1 ⊕ ǫ2χ
k−1
ℓ ⊕ ǫ3 ⊕ ǫ4χ
k−1
ℓ
for all ℓ, contradicting the fact that ρℓ is irreducible
On the other hand, if
ρℓ ≃ ǫ1,ℓ ⊕ ǫ2,ℓ ⊕ τℓ
decomposes as a sum of two characters ǫ1,ℓ, ǫ2,ℓ and a two-dimensional representation τℓ, then the
duality of ρℓ shows that τ
∨
ℓ ⊗ sim(ρℓ) ≃ τℓ. It follows from Proposition 5.4 that det(τℓ)|Iℓ ≃ χ
k−1
ℓ .
Hence, either:
1. The determinant det τℓ is odd. In this case, we can argue as in [DV11, Section 3.1] and apply
Serre’s conjecture [KW09]. By Proposition 5.4 combined with the fact that ρπ,ℓ is crystalline,
the Serre weight of τℓ is k. Hence, there is a modular form fℓ ∈ Sk(Γ1(N)) associated to τℓ.
Suppose that this case occurs for infinitely many ℓ ∈ L. By the pigeonhole principle, since
Sk(Γ1(N)) is finite-dimensional, there is a modular form f such that f = fℓ for infinitely
many ℓ. Hence, we may assume that fℓ, ǫ1,ℓ and ǫ2,ℓ all arise as the mod ℓ representations
attached to the modular form f and to fixed Dirichlet characters ǫ1 and ǫ2. It follows as
above that
ρℓ ≃ ǫ1 ⊕ ǫ2 ⊕ ρf,ℓ,
where ρf,ℓ is the ℓ-adic Galois representation attached to f , contradicting the fact that ρℓ is
irreducible.
2. The determinant det τℓ is even. Since sim(ρℓ) is odd, it follows that ωℓ := sim(ρℓ) det(τℓ)
−1
is non-trivial. Since τℓ is two dimensional, τℓ ≃ τ
∨
ℓ ⊗ det(τℓ). Combined with the fact that
τℓ ≃ τ
∨
ℓ ⊗ sim(ρℓ), we find that τℓ ≃ τl⊗ωℓ. Similarly, since ǫ1ǫ2 det(τℓ) = det(ρℓ) = sim(ρℓ)
2,
it follows that ωℓ ≃ ǫ1ǫ2 sim(ρℓ)
−1, and hence that
ǫ1 ⊕ ǫ2 ≃ ǫ
−1
1 ⊗ sim(ρℓ)⊕ ǫ
−1
2 ⊗ sim(ρℓ) ≃ (ǫ1 ⊕ ǫ2)⊗ ω
−1
ℓ .
We deduce that ρℓ⊗ωℓ ≃ ρℓ. If this case happens infinitely often, then since ωℓ is unramified
at ℓ, there is a Dirichlet character ω whose mod ℓ Galois representation is isomorphic to ωℓ
for infinitely many ℓ. Therefore,
ρℓ ⊗ ω ≃ ρℓ (mod ℓ)
for infinitely many ℓ, and hence, ρℓ ⊗ ω ≃ ρℓ. So ρℓ is imprimitive, and by Lemma 3.9, π is
an automorphic induction.
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In either case, we see that ρℓ can only contain a one-dimensional constituent for finitely many
ℓ ∈ L.
5.1.2 Two-dimensional constituents with det(τ1) unramified at ℓ
Suppose that the semisimplification of ρℓ splits as a sum τ1 ⊕ τ2 of irreducible two-dimensional
representations, with det(τ1) = ǫℓ, where ǫℓ is a Dirichlet character of conductor not dividing N .
Suppose that this case occurs for infinitely many ℓ ∈ L. Then since the conductor of ǫℓ is bounded,
by the pigeonhole principle, there exists a fixed Dirichlet character ǫ such that ǫℓ is the mod ℓ
representation associated to ǫ for infinitely many ℓ. For each p ∤ N , let αp, βp, γp and δp denote
the roots of the pth Hecke polynomial of π. By the pigeonhole principle combined with local-global
compatibility, it follows that after reordering,
αp, βp (mod ℓ)
are the roots of the characteristic polynomial of τ1(Frobp) for all p ∤ N and for infinitely many ℓ.
Hence,
αpβp ≡ ǫ(p) (mod ℓ)
for infinitely many ℓ. It follows that αpβp = ǫ(p) for all p ∤ N , and hence, without loss of generality,
that
|αp| ≤ 1
for all p ∤ N . As in Lemma 2.5, this contradicts [Wal13, Theorem 1.1].
5.1.3 Two-dimensional constituents with det(τ1) = ǫχ
k−1
ℓ odd
We can argue exactly as we did in the end of Section 5.1.1. Suppose that the semisimplification of
ρℓ splits as a sum τ1 ⊕ τ2 of irreducible two-dimensional representations, where the determinants
of τ1 and τ2 are ǫχ
k−1
ℓ and ǫ
−1χk−1ℓ respectively, and ǫχ
k−1
ℓ is an odd character. Then τ1 and τ2
are irreducible, odd Galois representations of Serre weight k, so there are modular forms f1,ℓ, f2,ℓ ∈
Sk(Γ1(N) associated to τ1 and τ2. If this case occurs infinitely often, we may assume that fi,ℓ = fi
for fixed modular forms fi. As before, we see that for all ℓ,
ρℓ ≃ ρf1,ℓ ⊕ ρf2,ℓ,
contradicting the irreducibility of ρℓ.
5.1.4 Two-dimensional constituents with det(τ1) = ǫχ
k−1
ℓ even
In this case, Serre’s conjecture does not apply. However, we can use the fact that ρℓ is essentially
self dual combined with the results of Section 3 to reach a contradiction. Using the fact that
ρ∨ℓ ⊗ sim(ρℓ) ≃ ρℓ, we find that if ρℓ = τ1 ⊕ τ2, then either:
1. τi ≃ τ
∨
i ⊗ sim(ρℓ) ≃ τi ⊗ ωi for each i; or
2. τ1 ≃ τ
∨
2 ⊗ sim(ρℓ) ≃ τ2 ⊗ ω2,
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where ωi = sim(ρℓ) det(τi)
−1. For each i, since sim(ρℓ) is odd and det(τi) is even, ωi is non-trivial.
Moreover, because sim(ρℓ)|Iℓ = χ
k−1
ℓ = det(τi)|Iℓ , ωi is unramified at ℓ.
In the first case, we see that the ωi are quadratic characters, and since ω1ω2 = det(ρ)
−1 sim(ρℓ)
2 = 1,
it follows that ω1 = ω2. If this case occurs for infinitely many ℓ, then by the pigeonhole principle,
we can assume that ω = ωi is independent of ℓ. Then for infinitely many ℓ,
ρℓ ⊗ ω ≃ ρℓ (mod ℓ).
Hence, ρℓ ⊗ ω ≃ ρℓ. It follows that ρℓ is imprimitive, and hence, by Lemma 3.9, that π is an
automorphic induction.
Suppose that the second case occurs for infinitely many primes ℓ ∈ L. Then since ω2 has conductor
at most N and is unramified at ℓ, we may assume, without loss of generality, that ω2 is independent
of ℓ. Let M be the conductor of ω2. Then for any prime p ∤ N with p ≡ 1 (mod M), τ1(Frobp) =
τ2(Frobp).
For each p, consider the roots of the pth Hecke polynomial of π. Then for all p as above, and for
infinitely many ℓ, the roots are not distinct mod ℓ. Hence they are not distinct in C. We find
that for a set of primes p of positive density the roots of the pth Hecke polynomial are not distinct,
which contradicts Proposition 3.11.
5.2 The remaining images
The remainder of the proof of Theorem B is exactly the same as for the cohomological case [DZ,
3.2-3.5]. By the classification of the maximal subgroups of GSp4(Fℓn), [Mit14], [DZ, Theorem 3.2],
if ρℓ is irreducible and does not contain Sp4(Fℓ), then one of the following cases must hold:
1. The image contains a reducible index two subgroup – i.e. ρℓ is induced from a quadratic
extension;
2. ρℓ is isomorphic to the symmetric cube of a two-dimensional representation;
3. The image is a small exceptional group.
By using the description of the image of inertia as in Proposition 5.4, Dieulefait–Zenteno are able
to show that each of these cases can only occur finitely often.
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